The 
Introduction
The structure of many crystalline compounds obtained from suspension crystallization shows the presence of agglomerated crystallites or crystals. Solid bridges between the mother crystals bind the agglomerates. In some cases, the shape of the particles suggests a multistage agglomeration process with primary and secondary agglomerates (Fig. 1a) . The sizes of the final agglomerates (1 µm to 1 mm) and of their sub-units (a few tenths of nm to a few tenths of µm) are widely spread out, depending on both the nature of the crystalline compound and the crystallization process. Among other materials, such structures have been observed for zeolites [1, 21] , adipic acid [2] , calcium carbonate (calcite) and calcium oxalate monohydrate [3, 12] , pseudo-boehmite [4] , barium titanate [5] .
Since the original paper of Schmoluchowski [20] one hundred years ago, many authors have tackled these mechanisms (see for instance [6, 7] ), and more recent progress [3, 8, 9] has been made in the simple and comprehensive modeling of agglomeration. In fact, crystal agglomeration consists of two steps, i.e. particle collision and agglomerate strengthening.
In the following paper, we intend to present a unified approach of the agglomeration in crystallization, which relies partly on published models that account for the different processes, which are applicable to the different size ranges and in agreement with experimental observations.
Efficiency of a binar y agglomeration during cr ystallization
We suppose that all agglomerations result from a binary collision (Fig. 1b) .
Two particles of respective sizes S i and S j ͨS i collide. An intermediate labile aggregate is formed. The collision of rate r col is followed either by disruption into the two former mother particles or by consolidation by crystallization into an agglomerate, with respective rates r d and r con .
We suppose that the disruption and consolidation processes depend only on the concentration of the labile intermediate aggregate, which is assumed to be in a quasi-equilibrium state. Thus, r col ҃r d ѿr con with r con ҃k con C int and r d ҃k d C int (1) From the above set of equations (1), we derive the overall agglomeration rate r a ҃r con ҃ηr col (2) Where η is the efficiency of the agglomeration, defined in terms of rate constants or characteristic times η҃1/(1ѿk d /k con )҃1/(1ѿt cr /t d )
We assume that the consolidation process is crystallization: crystalline bridges are built by crystalline growth between the particles. Marchal et al [8] have shown that the crystallization time may be expressed as a function of the growth rate G of the crystal t cr ҃S j f(S j ,S j )/G and thus η҃ 1 / (1ѿS j f(S j ,S j )/Gt d )
The function f accounts for relative sizes and its value always ranges between 10.5 and 12 from the expression of Marchal et al. [8] : It may be considered as a constant. The variety of the sizes of the final agglomerates (1 µm to 1 mm) obtained in cr ystallization and of their sub-units (a few tenths of nm to a few tenths of µm) is large. When compared with the characteristic sizes of f luid mechanics in the liquid phase (Taylor, Kolmogoroff, and Batchelor microscales [10] ), it is clear that multiple collision and disruption mechanisms occur which are related to the type of liquid f low that the mother crystals and the intermediate aggregate experience. On the other hand, it is likely that the consolidation mechanism is crystalline growth. Its rate ranges between 10 Ҁ6 and 10 Ҁ11 m/s [11] . One difficulty is that the crystal growth rate varies during the process as a consequence of the depletion of the solute in the liquid phase.
Different regimes of particle motion
In the following paper, we assume that the agglomeration takes place under three different types of motion Ҁ Brownian, laminar, and turbulent Ҁ depending on the size of the colliding particles and of the resulting agglomerate. The collision between particles from size classes j and iͧ j is assumed to take place under motion k҃b,l,t and the labile aggregate to be exposed to motion k′. Thus, the expressions of r col,k , t d,k′ and consequently η j,i,k′ will be different according to the types of f luid motions governing the collision and the disruption. l K are subjected to the laminar stretching and swirling process, also called engulfment [10] . The shear stress accounts for disruption, which competes with crystallization. (c) Finally, particles larger than l K collide under the inf luence of f luctuating velocities and are disrupted by the same phenomenon [8] . Crystallization is also here the agglomerating process. If both mother particles and the agglomerate fall under one single regime, the values of k and k′ are obvious.
The simplest exception is when the intermediate aggregate becomes larger than the upper limit of the regime governing collision of the mother particles. Then, k′ switches over to the regime for larger parti- cles. This is not the case if the mother particles experience different regimes due to their very different sizes. Therefore, we have to make the following assumptions. The collision of particles in the Brownian and laminar regimes is governed by the diffusion of the smaller particle to the surface of the larger one (k҃b). The same approach holds for Brownian-turbulent collisions in the laminar boundary layer. The intermediate aggregate then evolves under a laminar disruption regime (k′҃l), the smaller particle being protected by the boundary layer of the larger one.
Collisions between particles in the laminar and in the turbulent ranges are consecutive to the turbulent motion (k҃t). The intermediate aggregate evolves like a turbulent agglomerate because its size exceeds l K (k′҃t).
The different possibilities are summarized in Fig. 2 .
Expressions of agglomeration kernels
The agglomeration rate in the collision regime k and in the disruption regime k′ is expressed as r a,j,i,k,k′ ҃η j,i,k′ r col,j,i,k
It is generally accepted since the work of Schmoluchowski [20] that r col,j,i,k ҃β c,j,i,k N i N j (6) where N i and N j are the respective concentrations of particles belonging to the classes i and j, respectively. Thus, r a,j,i,k,k′ ҃η j,i,k′ β c,j,i,k N i N j ҃β j,i,k,k′ N i N j (7) Table 1 presents the expressions of β c,j,i,k and η j,i,k′ for the different values of k and k′ for either rapid or slow growth rates. In the case of a slow crystal growth rate, Eq. (4) simplifies to
However, this simplification may not be correct for very small, i.e. nanometric sizes S j . In this case, the entire expression (4) should be kept for η j,i,k′ .
The expressions for the Brownian and laminar collision kernels have been established and discussed since many years [6, 7, 9, 24] ( Table 1 ). In the Brownian range, when the particles are free of electric charges, Van der Waals forces ensure the cohesion of aggregates until crystallization takes place [22] ; Otherwise, the DLVO theory [9] accounts for coagulation processes, but collisions with a third particle may lead to releases in the case of low crystalline growth.
Marchal [8] has proposed expressions for both collision rate and efficiency in the turbulent regime, which were validated on adipic acid. More recently, Hounslow and co-workers introduced several expressions for the laminar agglomeration efficiency [12] ; among them we have retained the most recent one, which is in agreement with our general formulation of section 2. The disruption time is then expressed as [12] 
where X has the dimension of a length; Several expressions combining S i and S j have been tried for X and this will be discussed later. P is the dissipated energy per unit mass of suspension, ρ susp is the density of the suspension, σ* is the tensile strength of the solid, L a contact length between particles, A l a dimensionless constant. A first point is that the efficiency η j,i,k′ is close to 1 for the Brownian and laminar disruption regimes if the growth rate is high. Now, let us have a closer look at the different types of collisions in Fig. 2 under a low ( 
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The relations numbered (1)-(7) correspond to those of Table 1 . mum value at size l B at low growth rates. In all cases, both η i,i,k′ and β i,i,k,k′ tend towards zero when the size reaches the turbulent Taylor scale λ c [8] .
Finally, looking at the influence of relative particle sizes, Tables 2 and 3 show a major difference between the shapes of agglomerates generated by high and low growth rates in the different regimes. If the agglomeration kernel decreases with increasing S j /S i it means that the agglomeration between small and large particles is favored. Conversely, if the kernel increases it means that agglomeration between particles of similar sizes is enhanced. Thus, in the first case, agglomerates show the so-called "snowball" effect (compact agglomerates made from agglomerates and elementary smaller particles or agglomerates), while in the second case, the agglomerates will be made from equally sized mother agglomerates.
For high growth rates, the first case prevails until the Batchelor microscale is reached and the second case seems likely above this scale. At low growth rates, the kernel behaves differently: The limit between the two cases is about the Kolmogoroff microscale.
Generally, one should notice the different and sometimes opposite trends predicted by the model for the different couples of mother particles depending on their absolute and relative sizes and the intensity of the growth rate. This may explain the discrepancies observed in the literature [8, 12, 13] when trying to report and to model the variations of the agglomeration rate for several crystallizations or several crystal size ranges and varying the stirring power.
Transition between Brownian and laminar regimes
The transition occurs at the size limit l B , which may be calculated as follows. The significance of the Batchelor scale is underlined by Baldyga and Bourne [10] . When a fluid portion undergoes laminar stretching, it reaches a reduced transversal size which is so small that the transportation length of a molecule by diffusion or of a particle due to Brownian motion during the stretching time is of the same order of magnitude as the thickness of the laminae. This length scale is called the Batchelor scale [10] .
where the diffusivity D of a particle of size S j , the most mobile of the two, is [23] D҃ (11) µ and ν are the dynamic and kinematic viscosities of the suspension, respectively; l B is in the order of magnitude of a few hundred nm for particles from 10 to 100 nm in stirred tanks. Note that the collision rates calculated by (1) and (2) in Table 1 are of the same order of magnitude when sizes of colliding particles both equal l B . Therefore, since the collision rate increases strongly with the size of particles in the laminar regime, we assume that the representative curves cross at S j ҃l B (Figs. 3 and 4) . For the low growth rates, we have no indication that the efficiencies are equal at the transition size. But, the physical continuity seems a fair assumption for the agglomeration process, as a change of slope (Figs. 3  and 4) will rapidly make the laminar agglomeration rate predominant with increasing sizes.
Transition between laminar and turbulent regimes
The Kolmogoroff microscale is expressed as [10] l K ҃( ν 3 /P)
If two particles are smaller than the Kolmogoroff microscale, they experience no velocity f luctuations for both collision and disruption. This scale is in the order of magnitude of some tenths of micrometers. An equality of the collision and agglomeration rate expressions seems likely at l K , but the slope of the collision rate is reduced when switching to the turbulent regime (Figs. 3 and 4) . 
Particle size distribution
The modeling is based on the method of classes introduced by David et al. [2, 8, 14] where the size scale of particles is divided into n c classes, and where the limits of these classes are in geometric progression with a factor of 2 1/3 [10] , i.e. a factor of 2 for the volumes. n c is chosen in order to verify L n c λ c . The actual continuous distribution is replaced by a virtual discrete distribution which works with classes of rank n, whose average size is S n ҃(L n ѿL nҀ1 )/2 and where the shape factor is volumetrically the same. Recently, Verkoeijen et al. [26] presented a generalized volume approach of population balances in the same manner which was applied to comminution, sintering and granulation. Here, the impact on class n of agglomerations between particles of classes j and iͧj is represented by stoichiometric coefficients ν n,j,i by analogy with a chemical reaction system. These coefficients have to be calculated in order (a) to balance the solid volume, which is equivalent to the conservation of the 3 rd moment of the distribution, and, (b) to remove one single particle for each agglomeration (except for agglomeration (i,i) where only 1/2 a particle disappears due to symmetry) to permit compliance with the 0 th moment equation of the PSD. Three different schemes of agglomeration have to be differentiated with respect to the relative sizes of the particles. Hereafter, (i) represents the particle class i and so on
The corresponding stoichiometric coefficients that stand for the impact of agglomeration (i, j) on particle class n are ν n,i,i ҃δ n,iѿ1 /2 Ҁ δ n,i (16) ν n,iҀ1,i ҃δ n,iѿ1 /2 Ҁ δ n,i /2 Ҁ δ n,iҀ1 (17)
δ n,i is an element of the Kronecker matrix ( δ n,i ҃0 if n≠ i and δ n,i ҃1 if n҃i). The resulting agglomeration rate for class n is
The particle size distribution (PSD) Ψ is integrated over class n between sizes L nҀ1 and L n for n c ȄnȄ1 in a batch stirred crystallizer with suspension volume V susp , yielding the particle concentration in class n, i.e. N n
with Ψ(L Ҁ1 )҃Ψ(L n c )҃0. Note that r N is the generation rate of crystalline particles. The nucleation term accounts for the generation of crystallites in class 1 only. Classical characteristic length scales are derived from the discrete distribution; For instance
The total number of particles per suspension volume unit which disappeared by an agglomeration through mechanism (k,k′) is
The rate of molar production of crystalline solid mass per unit volume of suspension is expressed as
where Φ v is a volumetric shape factor, ρ s and M s are the density and molar mass of the solid, respectively, and r N is the nucleation rate of the crystalline solid. There may be other types of solids with concentration c s , for instance amorphous solids, in the crystallizer. The concentration of the solute c l can be derived from the solute plus solid mass balance
Finally, the growth rate is related to the supersaturation σ҃c l /C c *Ҁ1
Implementation of other agglomerate properties
The description of agglomerates cannot simply be elucidated by means of a size distribution. The ag- glomerate structure has to be characterized by other variables such as shape factors, porosity, fractality, or agglomeration degrees. The purpose of this section is to show how our method can give access to the average values of such additional properties, without introducing a 2-variable distribution function like that used by [15, 16] .
Therefore, we simply look at how each property is modified Ҁ or not Ҁ by every elementary agglomeration (i,j). In this section, we use the example of two different agglomeration degrees which we define as follows:
We call a primary agglomerate a structure made of crystallites with a minimum size L PA which is approximated by the boundary between class n PA and n PA ѿ1. The primary agglomeration degree (҃average number of crystallites in the primary agglomerates) is
where N CT and N PA are the total concentration of crystallites and primary agglomerates, respectively. In an earlier paper [14] , we used another definition for the agglomeration degree. Starting from N 0 particle concentration at time 0, and since ever y agglomeration removes one model particle from the suspension, we added the total number of agglomerations in the k regime for collision and the k′ regime for consolidation
This relation encompasses all agglomerations in the regimes k and k′ without any minimal size of the resulting agglomerate.
Similarly, the secondary agglomeration degree is the number of primary agglomerates embedded in a secondary agglomerate
where N FPA and N SA are the total concentration of free primary agglomerates and secondary agglomerates, respectively. Both definitions correspond to quantities which are easy to observe via image analysis with SEM or ESEM pictures. Ҁr a,n PA ѿ1,n PA ѿ1,k,k′ Ҁr a,n PA ѿ1,n PA ѿ2,k,k′
The GΨ term in differential equations for N PA and N FPA accounts for the growth of the agglomerate from class n PA into class n PA ѿ1, thus leading to a free primary agglomerate according to our definition. Conversely, the quality of the agglomerate or free primary agglomerate is not lost by the growth from class n PA ѿ1 into class n PA ѿ2. In the same manner, secondary agglomerates cannot be generated by simple growth from primary agglomerates, but only via an agglomeration of primary agglomerates: Therefore, there is no GΨ term in the differential equation for N SA .
Such sets of equations can be derived for other average properties such as, for instance, porosity: One simply has to express how far every agglomeration changes the porosity of the agglomerates.
Example of amorphous cr ystallization coupled with agglomeration of the cr ystalline form
The model is applied to the crystallization of zeolites. In this type of crystallization, an amorphous gel is formed immediately after mixing the reactants [1, 17] . This gel is poured into a batch crystallizer and heated at temperatures ranging between 80 and 250°C, at which point the amorphous solid transforms into a less soluble, crystalline solid [25] .
Experimental details are available in [23] . Samples were taken from the solid and the liquid phases in 
(e) The increase of the solid mass during the whole process due to crystal growth can be neglected. (f ) According to the literature [18] , it is likely that the crystallites are nucleated by the surface transformation of the amorphous particles. Agglomeration starts as soon as the external surface is crystalline. Dissolution of the amorphous compound obeys a Gaussian rate law. This is consistent with our experimental XRD observations when monitoring the crystalline fraction of the solid [19] . The molar concentration of the amorphous compound am decreases according to
(g) The crystal growth is independent of crystal size. Its order is k 1 ҃1 with respect to supersaturation. (h) An amorphous particle has the same density ρ s , shape factor Φ v , and molecular weight M s as a crystalline one. No agglomerate porosity was assumed. (i) Agglomeration takes place via the mechanisms described above. (j) The laminar to turbulent transition occurs at about 100 to 70 µm (Kolmogorov microscale) and agglomeration stops at 3.5 to 2.5 mm (Taylor microscale) depending on the stirring speed (N҃1.7Ҁ4.3 s Ҁ1 ). As the observed agglomerates are smaller than 50 µm, we assume that there is no turbulent agglomeration taking place. (k) For the sake of simplicity, we will choose in the following L PA ҃l B , i.e. n PA ҃m. The above equation system is expressed in dimen-
sionless variables: time θ҃tG 0 /L 0 with G҃G 0 σ k 1 (G is estimated from SEM micrographies of crystallites by taking samples at different times); reduced size λ҃L/L 0 ; reduced average class size s҃S/L 0 ; reduced particle concentration in class n: y n ҃N n /N 0 ; reduced density distribution Φ҃ΨL 0 /N 0 ; reduced concentration in the liquid phase x l ҃c l /C c *; reduced supersaturation σ҃c l /C c *Ҁ1; reduced concentration of the amorphous solid phase x a ҃c a /C c *; and reduced concentration of the crystalline solid phase x c ҃c c /C c *.
Results, parameter estimation and discussion
Then, the initial conditions of the differential equations are y n ҃0(n҃1,n c ); y CT ҃y PA ҃y FPA ҃y SA ҃0;
x a ҃x a0 ҃m 0 /c*; 
Then, the dimensionless agglomeration rate from (36) and Eqs. (1) and (4) 
A b was estimated at about 10 Ҁ6 s Ҁ1 by equalizing the agglomeration rates in the laminar and in the Brownian regimes at l B ҃S i ҃S j . The efficiency was always very close to 1 and, therefore, the simulations were not sensitive to A b .
The reduced laminar collision rate constant K Al can be deduced from k′ Al by
Normally, k′ Al should be equal to 0.16 according to the literature [9] .
The initial upper size L 0 and the kinetic growth rate constant G 0 were estimated from the SEM pictures of the crystallites, with the actual supersaturation known. However, such a determination for G 0 is rather inaccurate. Therefore, it is checked by comparing the
reduced final time of complete supersaturation consumption θ F and the measured one t F G 0 /L 0 . The parameters m 0 , c* and σ 0 are deduced from the measured solid mass and the initial and final concentrations of the solute in the liquid phase. No indication could be found in the literature about the order k 1 in the crystal growth rate expression for the type of zeolite studied. Therefore, the simplest way was to take k 1 ҃1.
Finally, two parameters were fitted by trial and error. Several expressions of X were tried in the expression of the laminar efficiency factor ( Table 1) . The best fit with the experimental PSD was observed using X҃S i . In accordance with [12] , the term σ*L/A l should be fixed at 1, which is the value for calcite, but σ* and L may vary from species to species and from polymorph to polymorph. Finally, the best fit was obtained with σ*L/A l ҃0.0035.
Thus,
A comparison between the final experimental and the calculated particle size distributions, both with the same geometrical progression for the class sizes on the abscissa scale, is represented in Fig. 5 . The experimental PSD was obtained from samples taken by laser diffraction analysis. The agreement is fair with respect to the particular shape of the experimental PSD. The values of experimental parameters of the simulation are listed in Table 5 . However, the main peak of the PSD is narrower for the simulation than Table 5 .
the experimental one. The porosity (0.35-0.5) shown by the secondary agglomerates (primary agglomerates appear non-porous) on SEM pictures may explain this difference: the agglomerates generated by laminar collision and consolidation processes, and whose size was measured by the laser diffraction, show an apparent volume larger than the actual solid volume. Due to the fractal nature of these agglomerates, an overall size dispersion is expected to be registered by the laser diffractometer.
Conclusions
The binary agglomeration of crystalline particles in a supersaturated solution has been shown to be the combination of two independent processes, i.e. particle collision and aggregate consolidation. Therefore, the overall agglomeration rate is expressed as the collision rate times an efficiency factor. This efficiency relies on a competition between crystallization and disruption.
When multiple agglomeration is evidenced, both collision and consolidation may take place in a Brownian, laminar or turbulent regime, depending on the size of the mother and daughter particles. In stirred tanks, the dependence on parameters such as stirring speed, liquid viscosity, or particle size differs according to the regimes involved. Boundary rules for limit cases have been established.
The method takes into account and unifies previous expressions obtained by other authors in the various regimes and checked by them with respect to experimental results for several agglomerating products. As far as the structure of agglomerates is concerned, the model using a reaction-like set of stoichiometric equations was able to calculate the average primary and secondary agglomeration degrees.
An example based on zeolite crystallization from the amorphous state has been developed. The particle size distribution was found to be in very good agreement with the experimental one.
We plan to extend the present work to other products that are subject to multiple agglomeration and other crystal properties. 
